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Dependent Dirichlet Processes and Copulas

Radu V. Craiu∗ and Luis E. Nieto-Barajas†

Introduction

We congratulate Professor MacEachern on the publication of his paper [10] that has
shaped a quarter century of Bayesian nonparametrics while circulating as a preprint.
Its influence is visible in the ANOVA-DDP of De Iorio et al. [5], in the support results
of Barrientos et al. [3], and in the many dependent processes built for time series and
longitudinal data [13, 14, 15, among others]. Our discussion focuses on the connections
between copula models and the dependent Dirichlet process (DDP). We believe this can
potentially guide the application of DDP and its extensions.

Connections between DDP and copulas

MacEachern (2026, Definition 2.3) builds the location process from a stochastic process
ZX through

θix = F−1
0,x

(
Gx(Zix)

)
, x ∈ X , (1)

where Gx is the continuous marginal distribution of Zx. Fix distinct covariate lev-
els x1, . . . , xd. The map (1) is increasing in each coordinate, so the joint distribu-
tion of (θix1 , . . . , θixd

) has margins F0,x1 , . . . , F0,xd
and copula equal to the copula of

(Zx1 , . . . , Zxd
), which we denote CZ

x1,...,xd
. By Sklar [21],

Pr(θix1 ≤ t1, . . . , θixd
≤ td) = CZ

x1,...,xd

(
F0,x1(t1), . . . , F0,xd

(td)
)
, (2)

and (1) is the constructive half of Sklar’s theorem applied to the finite-dimensional laws
of a process. MacEachern (2026, Section 4) takes ZX to be a Gaussian process with
exponential variogram, so that CZ

x,x′ is the Gaussian copula with correlation ρ(x, x′).

The Gaussian copula has zero tail dependence: for ρ < 1,

λL = lim
u↓0

CZ
x,x′(u, u)
u

= 0, λU = lim
u↑1

1 − 2u+ CZ
x,x′(u, u)

1 − u
= 0.

Translated through (2), atoms that fall in the tails of F0,x are asymptotically indepen-
dent of the corresponding atoms at x′, however close x′ is to x and however large ρ(x, x′)
is short of one. A possible implication is that while Fx and Fx′ may agree closely in their
central regions, they are potentially free to disagree in their tails. For the church data
of MacEachern (2026, Section 4) this is innocuous. For the uses the paper anticipates
in its conclusion, in particular for regression aimed at predictive quantiles far from the
center, it is consequential since the DDP with a Gaussian ZX may let the extremes drift
apart.
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Alternatives are available within the paper’s framework. MacEachern (2026, The-
orems 3.1, 3.3 and 3.6) use separability, absolute continuity of the finite-dimensional
laws and continuity of sample paths; Gaussianity enters only through the choice made
in MacEachern (2026, Section 4). Any process with continuous margins and continuous
paths may replace it in (1), and the copula it induces characterizes the dependence.
Zero tail dependence is a property of the Gaussian copula alone within the elliptical
class. The simplest alternative is a Student−t process with ν degrees of freedom, whose
finite-dimensional copulas are t copulas [6] with

λL = λU = 2 tν+1

(
−

√
(ν + 1)(1 − ρ)

1 + ρ

)
,

where tν(·) is the cdf of a Student-t with ν df. λL is strictly positive for every ν < ∞ and
every ρ > −1, and tends to zero only in the Gaussian limit ν → ∞. At the correlation
ρ = 0.8 used in MacEachern (2026, Section 4), the coefficient equals 0.54, 0.45 and
0.29 for ν = 3, 5, 10. Extreme atoms at neighbouring x then move together with a
strength that ν controls and that the practitioner can elicit, and the Gaussian DDP
is recovered as a limiting case. A max-stable process gives an extreme-value copula,
the Hüsler–Reiss family being the closest relative of the Gaussian case [8], and is the
natural choice when the DDP is used to model distributions of maxima indexed by
a covariate. The construction of Wilson and Ghahramani [22], who call this device a
copula process, shows that computation with non-Gaussian ZX is practical. The same
considerations apply within a p-dimensional atom, where the paper couples coordinates
through “collections of stochastic processes”: the copula linking θx,1, . . . , θx,p at a fixed
x determines whether large values of the coordinates of a location co-occur, and a
Gaussian choice again rules this out.

A reader used to Archimedean copulas will ask whether the Clayton copula, with
λL = 2−1/θ, can play the same role, and the answer separates the two cases of X that
the paper treats. Every Archimedean copula has a frailty representation [11, 12]: with
E1, E2, . . . independent unit exponentials, V a positive random variable with Laplace
transform ψ, and Uj = ψ(Ej/V ), the vector (U1, . . . , Ud) has the Archimedean copula
with inverse generator ψ; Clayton corresponds to V ∼ Gamma(1/θ, 1) and ψ(t) =
(1 + t)−1/θ. Setting Zix = ψ(Eix/Vi) in (1) therefore does induce a Clayton coupling of
the atoms across x, with lower tail dependence 2−1/θ between every pair of covariate
levels and a strictly positive density on (0, 1)d, so the support conditions of MacEachern
(2026, Theorem 3.3) hold. The price is exchangeability: a common frailty gives the
same dependence to every pair (x, x′), whatever their distance. For the finite X of the
multi-centre trial in MacEachern (2026, Section 2) that is acceptable, and a nested
Archimedean copula [7] with a stronger Clayton within groups of centres and a weaker
one between groups gives a tree-structured, still tail-dependent, alternative. For an
interval X , property 4 in MacEachern (2026, Section 1) imposes that the copula of
(θx, θx0) must tend toM , the Fréchet–Hoeffding upper bound, as x → x0, and away from
it as |x− x0| grows, and no single Archimedean copula does both. The natural attempt
is to let the frailty itself be a process, Zix = ψ(Eix/Vix) with VX a positive Markov
process such as the gamma process of Nieto-Barajas and Walker [16]; the resulting
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copula is positively dependent and decays with distance, but whether it retains tail
dependence depends on whether small values of Vx force small values of Vx′ , which
the usual innovation-based constructions do not guarantee. We regard the existence of
a covariate-indexed process with distance-decaying, tail-dependent, Archimedean-type
finite-dimensional copulas as an open question raised by the paper, while the elliptical
and max-stable routes above are available today.

DDP helps with flexible copula modelling

We end our discussion by emphasizing that the DDP can help enlarge the scope of
copula models. For instance, the mixture of Archimedean copulas of Pan et al. [17] uses
a Pitman–Yor process [19] on the copula parameter with atoms that ignore covariates.

Conditional copula models are designed to allow the dependence patterns to vary
with covariates, as seen in [1, 2, 4, 9, 18, 20], among others. Replacing the atoms θk by
processes θk,x through (1), with F0,x the centering measure on the copula parameter
space, gives a covariate-dependent mixture copula Cx(u) =

∑
k ωkC(u | θk,x) in which

clusters are shared across covariate levels while the strength, and for the Frank family
the sign, of dependence evolves with x. The single-p version keeps the Pólya urn com-
putations of Pan et al. [17] intact. We regard this as a direct gain brought by [10], and
we are excited by the opportunities it opens.
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