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Abstract

A new flexible tensor model for multiple-equation regressions that accounts for latent regime changes is pro-
posed. The model allows for dynamic coefficients and multi-dimensional covariates that vary across equations.
The coefficients are driven by a common hidden Markov process that addresses structural breaks to enhance the
model flexibility and preserve parsimony. A new soft PARAFAC hierarchical prior is introduced to achieve di-
mensionality reduction while preserving the structural information of the covariate tensor. The proposed prior
includes a new multi-way shrinking effect to address over-parametrization issues while preserving interpretabil-
ity and model tractability. Theoretical results are derived to help with the choice of the hyperparameters. An
efficient Markov chain Monte Carlo (MCMC) algorithm based on random scan Gibbs and back-fitting strat-
egy is designed with priority placed on computational scalability of the posterior sampling. The validity of
the MCMC algorithm is demonstrated theoretically, and its computational efficiency is studied using numeri-
cal experiments in different parameter settings. The effectiveness of the model framework is illustrated using
two original real data analyses. The proposed model exhibits superior performance compared to the current
benchmark, Lasso regression.
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1. Introduction

As data grow in volume and complexity, it is increasingly common to record them as high-dimensional
arrays or tensors. Such structures appear in many applications and fields, such as neuroimaging [19} [37]],
biostatistics, financial networks [7]], or even more generally, in time series [8]]. People are often interested in
characterizing the relationship between a tensor predictor and a scalar outcome [[19] or tensor outcome [38]].
Tensor regression has been studied extensively in a linear model framework. Nevertheless, a common challenge
within the framework of regression is model misspecification. One of the sources of model misspecification is
the presence of dynamic regimes, which naturally call for models with time-varying parameters.

In this paper, we assume a Hidden Markov chain dynamics for the regression coefficients because it allows
for model parsimony while preserving a high level of flexibility compared to other time-varying parameter
models, which typically require a larger number of factors or parameters [e.g., see 24} [28]]. Hidden Markov
Models (HMM), also known as Markov Switching (MS), have been introduced to capture structural changes
and regimes [17]. Since the seminal works on univariate autoregressive HMMs [[14} 22]], HMMs have been
extended in different directions. The univariate extensions include the MS ARMA [10], MS stochastic volatility
models [36], MS with time-varying transition [25] and random transition [4} |6]. The multivariate extensions
include MS Vector Autoregressive (VAR) models introduced by [35]], MS stochastic volatility VARs [[13]], MS
graphical VARs [5] and MS panel data models [1} 9, [12]. Efforts have been made to address abrupt structural
changes in temporal networks by [7]. They proposed a tensor-on-tensor logistic regression model combining
a low-rank decomposition and HMM to model the coefficient tensor. The contribution of our paper is multi-
fold. First, we extend the soft tensor linear regression models [[19, 32, 38]] to an HMM (or MS) framework to
accommodate structural breaks. We assume the margins in the Parallel Factor (PARAFAC) representation, also
called CANDECOMP/PARAFAC or Polyadic Decomposition [e.g., see [21} [26]], of the coefficient tensor are
driven by a common hidden Markov chain process. Thus, a flexible time-varying parameter model is obtained
with a small increase in the latent space dimension and the number of parameters. Second, we consider a
multi-equation setting in which the latent process provides a time-varying structure to several tensor regression
models involving different response variables and, possibly, different sets of covariates. Third, we propose a
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Bayesian inference procedure that relies on numerical exploration of the posterior via a new and efficient Gibbs
sampler, which reduces computational costs and improves scalability. Finally, using a common latent process
is intended to address two goals: 1) it facilitates the integration of information about the latent process from
multiple outcomes, and 2) it robustifies the estimation of regime changes, which must be supported by multiple
outcome variables simultaneously.

The complex structure of multi-dimensional data naturally poses challenges such as over-parame-trization
and overfitting issues. A simple approach in the tensor regression framework is to vectorize the tensor predic-
tor and regress the response variable on a large vector of tensor entries with some form of penalization and
variable selection. However, this approach completely ignores the structural relationships embedded in the
tensor predictor. Most research on tensor regression focuses on dimensionality reduction for tensor predic-
tors or coefficients. Various dimensionality reduction strategies have been proposed to cope with these issues.
For instance, [44] adopted a two-stage procedure to study the relationship between individuals’ structural con-
nectomes and human traits, using principal component analysis on the tensor predictors to achieve dimension
reduction and then fitting a model using lower dimensional summaries of tensor predictors. Similarly, [11]
carried out SVD on high dimensional fMRI data to study the relationship between functional connectivity and
Alzheimer’s disease risk. However, this approach suffers from the unsupervised nature of PCA, and the loss
of structural information on the tensor predictors and interpretation of estimated coefficients could be difficult.
Thus, we follow a different approach based on the reduction of dimensionality of tensor coefficients, which
preserves the structural dependence of the predictor tensor.

Within the frequentist paradigm, [43]] applied Tucker decomposition on the tensor coefficients and proposed
a fast algorithm (Tensor Projected Gradient) to minimize the empirical loss function. [46] used PARAFAC
decomposition, a special case of Tucker decomposition, on the tensor coefficients and relied on maximum
likelihood estimation to perform neuroimaging data analysis. [27] used a neural network combined with Tucker
representation to address multi-way data analysis. In this paper, we follow a flexible Bayesian modelling
approach.

Within the Bayesian paradigm, [42} 45]] proposed non-parametric methods based on Gaussian Process pri-
ors. In a scalar on tensor regression framework, [20] proposed a novel multi-way shrinkage prior on the
PARAFAC representation of the coefficient tensor. Their work was extended by [37], who explored a more
general Tucker decomposition on the tensor coefficients. In follow-up work, [19] proposed a Bayesian network
shrinkage prior and used a spike-and-slab prior distribution to determine which brain nodes are most influential
to creativity. In the case of tensor on tensor regression, [38] proposed to use the Tucker decomposition of the
coefficient tensor without assuming the dimension of the core tensor. In this paper, we follow a soft PARAFAC
framework [32]] where the hierarchical prior distribution of [20] is modified to allow the coefficient tensor to
deviate randomly from the rigid low-rank PARAFAC representation. We modified the multi-way shrinkage pri-
ors from [32]] and [20] to facilitate prior calibration and to improve the tractability of the conditional posterior
distributions. We developed an efficient Markov chain Monte Carlo (MCMC) algorithm to achieve better scal-
ability, relying on a random scan Gibbs sampler within the back-fitting strategy, usually employed in Bayesian
high-dimensional models [23| 29| 47].

The paper is organized as follows: in Section 2] we revisit the concept of soft PARAFAC decomposition for
dimensionality reduction and introduce the Markov-Switching multiple-equation Tensor Regression (MSTR)
and the Bayesian framework for inference. In Section[3] we propose a new MCMC algorithm based on Random
Partial Scan Gibbs and backfitting strategy, prove its ergodicity and demonstrate its performance using nu-
merical experiments (simulation results are shown in Appendix [C|of the Supplement). In Sectiond] we test our
model with two applications that show the gain in performance in terms of in-sample fitting and out-of-sample
forecasting. The paper ends with Section[5] which contains conclusions and future promising directions.

2. A Markov-switching multiple-equation tensor regression model

To simplify the exposition in this section, we assume covariates are common to all the equations. Fur-
thermore, the error terms are assumed to be independent across equations, but the approach generalizes to
equation-specific covariate tensors and dependent errors. Our MSTR model assumes a system of N equations
with time-varying parameters

Yig = m1(s) +(Bi(s), Xi) + o1(s)er s,

(D

YNg = UN(Se) + (Bn(s), Xi) + on(s)eny,
tef{l,2,...,T}, where yp;, £ € {1,..., N} are scalar response variables, X, is a p; X - -+ X pys covariate tensor,
Be(sy), € € {1,...,N}are p; X --- X py coefficient tensors, with M denoting the number of tensor modes, &g,

¢ e {l,...,N}are i.id. from N(O, 1), {s;,t € {1,...,T}} is a common latent process, and (-,-) denotes the
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Fig. 1: Graphic representation of a multiple-equation tensor regression with switching parameters .(s;), Be(s;) € R22%3 and o¢(s;), and
covariate tensor X, € R>?>3, Green shades denote response variables and covariates, and orange shades denote parameters and latent
variables.

inner product for tensors [21}[26]. While the dependent variables are conditionally independent, joint inference
remains essential in our tensor-on-tensor regression because the equations are governed by a common latent
process which captures the underlying dynamics across variables.

The latent process is a K-state homogeneous Markov chain with transition probability Pr(s; = j|s;—1 = i) =
Dij» i, j € {1,..., K} and the tensor regression parametrization used is

K K K
pe(s) = D ueall(s = ), Be(s) = Y Bealls, = k), of(s) = Y o, I(s, = k). @)
k=1 k=1 k=1

Alternative parameterizations for the coefficients can be used; for example, see [17] for conditionally linear
single-equation models and [13]] for conditionally linear multiple-equation models. A graphical representation
of our tensor regression model with N equations and a 3-mode covariate tensor of dimension p; = 2, p, = 2
and p3 = 3 is shown in Fig. [T}

Since, in many applications, the number of covariates in () is large, a dimensionality reduction strategy
is needed. In this paper, we follow [32] and [7 8] and consider a low-rank representation combined with a
hierarchical prior distribution. The hierarchical prior allows for shrinking effects in the coefficient tensors By,
k € {1,...,K}, and the low-rank representation induces further shrinking effects along different modes. We
assume a PARAFAC representation and decompose the state-specific coefficient tensor as follows

D

d d d

By = Z B},l),k °© BE’,Z),k oo BEJ{M’ 3)
d=1

where o is the element-by-element Hadamard product, Bi,d; M E {1,2,..., M} are multiplicative factors ([32]).
The hierarchical prior distribution includes three stages. At the first stage, an inverse gamma prior distri-
bution 7G(as, b,) with shape and scale parameters a, and b, is assumed for cr% . and a tensor-variate normal

distribution [30, 31] is assumed for the coefficient tensor
d d d
Bi’,lzl,k ~ TNPI ’’’’’ Pm (G;,}L,k’ Tf,kK%,m,kgélepl L I])M) ) (4)
tef{l,...,N},me{l,....M},d ef{l,....D}, k € {1,...,K}, where TN, _p, (G, Uy,...,Uy) denotes the

tensor-variate normal distribution with p; X - - X pys location tensor G, p,, X p,, covariance matrix U, for the
mth mode elements. The location G(gd,i . is parametrized as follows:

d) (d)
G(Z,m,k =, ® 8L, ® yg,m,k ®lp,, B BLlp,, )]

where ® denotes the outer product, ¢, = (1,..., 1)7 is the n-dimensional unit vector, 7’5’[21 . is the mth PARAFAC
margins of size p,,.



In the conditional mean of the components BE»",Z given ypy = {(y([‘fl)’k, .. ’7’(;,11:/1,1{)’ de{l,...,D}}, we have

E(Bex | yex) = E(B(Zl)yk | 9@ ) 0.0 E(B([d) N 4@ )

D
Z 01k Mk Yemk
=1
D
_ (d) (d) _ (d) (d)
- Z (Gf,l,k oo G(,M,k) = Z Yerx® @Yo pme (6)
d=1 d=1

In the second stage, we assume that the margins from the PARAFAC decomposition are independent and follow
multivariate normal distributions

(d) (d) yx7(d)
Yemi ~ Npa0.7exl i W0, (7)

m.k

and assume the distributions are centered around the null vector with scale given by the product of the scalars
Tox and g“g() and the diagonal matrix W},ﬁ’k = diag(w([‘zyl’k, .. ,wé"i’)n’jm’k, e, W(;,Z,pm,k)' This random scale
specification allows for shrinkage at different levels.

At the third stage of the prior, we borrow from [20] and specify the scale prior distributions to induce

shrinkage across components and rows

T~ Galarbe), K, ~ Galaby), Wi~ Exp(A )?)2), ju €L, pm)
A0~ Gaanby, (84.....48) ~ Dir(/D,....a/D),

where Ga(a, b), Exp(A) and Dir(vy,...,vp) denote the Gamma, Exponential and Dirichlet distributions, re-
spectively. Compared to [32] our prior assumes the global scale 7, contributes not only to the variance of
y(["irzyk but also to that of one of the tensor coefficients B%Lk This allows for stronger shrinkage effects and a

full factorization of the prior variance, as detailed below. The scale parameter w®

L, jinsk
the diagonal of W{(fz o with j,, € {1,..., pn}. Itis a row-specific parameter that shrinks the individual elements,

Véd,z”‘ i Of the PARAFAC margins y([dl; « Together with the prior on /1%31 . they lead to an adaptive LASSO-

type penalty on 7’%)" « [2]. The parameters {%g are component-specific and allow a subset of the D components
to contribute substantially to the PARAFAC approximation while leaving the values of other components close

is the j,th element of

to zero. The transition probabilities (py, . . ., pxx) are assumed to follow a Dirichlet distribution
(pl,ka"'vpk,k)Nﬂir(vh-"’VK)a (8)
fork € {1, ..., K}. The choice of the prior hyperparameter value is crucial in Bayesian inference and can greatly

affect the model’s performance. We turn to study the induced prior for the £th coefficient tensor By to elicit
the default choice of hyperparameters. In particular, using a multiple-index notation, the variance of the jth
entry Bgykj of coefficient tensor By for the soft PARAFAC, with ] = (ji1,-..-,jm), can be written as a function
of the hyperparameters:

Tarl T TR )

e Zbi Jz 5+1 c ar(a; +1)
—_— N Z‘ = = .

Moreover, the variance of the coefficient entries for the hard PARAFAC is:

203 Jz
(@-D@-2)"

Thanks to the assumptions on the global shrinkage scale, the expression for the prior variances in soft
and hard PARAFAC specifications factorize in a global shrinking effect function of a., b; and local shrinking
effects. The ratio between the two variances shows that the difference between soft and hard PARAFAC is not
affected by the global shrinkage scale, thus providing better interpretability of the hyperparameters than [20]
while preserving the tractability of the full conditional distributions in the Gibbs sampling procedure used for

posterior approximation. We define the relative additional variance (AV) introduced by the softening of the
PARAFAC as follows:

y/hard (Bt’,k,}) — CTC{ (

AV =

Y (Beag) =V (Brag) [1 L@ =D 2))2
V(Buy) b 2 ’

which depends on the hyper-parameters of the local shrinkage scales and can be used to elicit the values of the
hyper-parameters.



Proposition 1. For a tensor coefficient, target variance V* € (0, ), target additional variance AV* € [0, 1),

we have the following expression,
a. b; a.V*
—=—,/—1—V1—AV*. 10
be ar \ (a: +1)C, ( ) (10)

Proposition[I]and the identities in (9) are used in the simulations and empirical applications to help choose
hyperparameters. In particular, we impose restrictions on the induced prior variance such that V(B ;) = 1 and
AV = 10%. Moreover, we set @ = 1,a, = 3,a, = 0.5,a, = 3,b, = %Ja, following [32] and we compute the
values of b, and b, from (9) and (I0) for which V* = 1 and AV* = 10%.

The choice of rank D for the soft PARAFAC decomposition of the tensor coefficient can lead to significant
changes in computational costs, with a higher value of D triggering drastic increases in computational time.
However, the increase in D doesn’t necessarily guarantee a vast boost in inferential performance. Intuitively,
the soft PARAFAC can expand away from the low-rank hard PARAFAC structure and achieve a higher-rank
representation of the tensor coefficient. We will provide a discussion in the next section.

3. Posterior approximation

The joint posterior distribution is not tractable, so we develop an MCMC algorithm to sample from it.
Specifically, we use a Gibbs sampling procedure which combines two sampling strategies: i) back-fitting sam-
pling [23]] for the coefficients and ii) forward filtering and backward sampling for the latent states [[17]. To cope
with the computational cost of the Monte Carlo approximation, we implement a version of the random scan
Gibbs [47].

3.1. Back-fitting representation

In this section, we assume covariate and coefficient tensors of general order. Let us denote with B(Zd;] ' the

P1 X X Pt X Ps1 X -+ X py tensor with M — 1 modes which is the j,,th slice of tensor B(f‘izlgk along the
mode m in the regime k for the {th equation, where jm =A{J1se s Jmse s jm)s Jn €{1,..., pn}, Yh # m} is the
collection of index values along M — 1 modes while keeping fix the index j,, of the mode m.

For ¢ e {l,...,N,, ke {l,....K},me {l,...,M},d € {1,...,D} and j,, € {1,..., p,,} define the g,, X
1 vector ﬂi,flr)n’jmk = Vec(B;ﬁj’mk), with g, = [l Pi» Obtained by stacking vertically all 1-mode fibers of

the tensor following a lexicographic order of the indexes [21) [26]. We further define the collections B =

— : —_ (pMD (d) (D) _ (D
(ﬂl,/m e ’BN,/() and Yk = (‘},],k’ sy '}’N,k)7 Wlth ﬂf,k - AR N SR ’ﬂf,m,j,,,,k’ e ’ﬁf,M,pM,k) and ')’f,k - (7’(’1’1,;(,

(d) (D) (d)
oV emgake 0 Y eMpak £mk
defined in Section Pl

We summarize our Bayesian model in the Directed Acyclic Graph (DAG) representation of Fig. [2] where
Y: = V14, --.,YN,)" is the collection of response variables across equations, p = (py, ..., Px) is the collection
of transition probabilities, B = (B1,....Bk), ¥ = (¥1,...,¥k), 02 = (073,...,0%), and pu = (u1,...,Hx)
denote the collections across equations and states of the regression coefficients, the PARFAC components,

)T, where y}dglj . is the j,thentry, j, = 1,..., p, of the PARAFAC margin y

the error scale parameters and intercepts, respectively, where gy = (Ui k.- -, ne) s o-i = (o-ik, ... ,0'12\,‘,()T

and pk = (pl,k’ e ’pK,k)T' In the same DAG { = ({1’ e 7{1{)’ T = (Tl’ e 7TK)T’ w = (W], e sz)s /l =

A4,...,Ax), and k* = (Kf, . ,Ki) denote the collections of the hyper-parameters at the second and third

. . . (1 d) D
stage of the hierarchical prior where {y = ({14, ..., {Nk)s $ex = ({{,’k), e E,k, . ,Qk))T, A= (A1, ANk,
1 d) D 1) d) D)

A = U e A o S A DT Wi = Wi W) wex = O w7, and
2 _ 2 2 2 _ (2 2 NT

K, = (Kl,k, .. .,KN,k), Kpp = (Km,k, .. .,K&M’k) .

The MCMC sampler proposed in the next section relies on the following equivalent representation of the
MSTR model.

Proposition 2. The model in (1)) can be written as:

Yer =B ()T L (s) + R (s)+ R (s) + o3 (s)se

i st Cm, it
¢ €{l,...,N}, where the residual terms R(;?(s,) and R;dr)nj .(s1) and the auxiliary covariate vector ‘Pédr)”j (1)

are defined as follows:
RO(s) = > (B (s) 00 B (50, X,), RO, (s = ((B(s) 0+ 0 B (), (X))

d'+d
W (s0) = vec (B (s) o0 B (s)o By (s) o0 B (s)0X);)

O, Jo ot ,1 {,m— {,m+1 Jm

with B(fl;(st) = Z,’le Bgzl’k]l(s, = k) a Markov-switching tensor coefficient and (A)_j, the tensor obtained
removing from A the j,th slice along the mode m.
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Fig. 2: Directed Acyclic Graph of the Bayesian Markov-switching Tensor Regression model. It exhibits the hierarchical structure of the
observations y,; (boxes), the latent state variables s, (grey circles), the parameters B(;{:l k> Mk Pk and a'? 1> the hyper-parameters of the
first stage y@i{;‘jm‘k and K?ﬁm’k, the second stage T/, ¢ @

P and w9 . and the third stage A9 (white circles). The directed arrows show
(m.k m, jm .k tmk
the conditional independence structure of the model.

3.2. Sampling method

Let @ = (64, ...,0k) be the collection of the state-specific parameters 6, = (Bx, Vi, Mk, a'i, Pis T $is Wi
A, K,%) and denote withy = (y1,...,y7), X = (X1,...,Xr) and s = (sq,...,s7)" the collection of response
variables, covariates and state variables, respectively.

Since the joint posterior p(fly, X) is not tractable, we follow a data augmentation strategy and introduce
the joint posterior p(, sly, X). We sample groups of parameters and latent variables from their full conditional
distributions, following a block Gibbs scheme. Our sampling strategy deviates in three ways from the one in
[32]. First, since we include the global shrinkage parameter 7 not only in the prior for ¥ but also in the prior for
B, the full conditional distribution of T depends on the tensor coefficients. Second, we integrate out y from the
full conditional of B to allow B to depend directly on the observed data. The resulting collapsed Gibbs sampler
allows us to achieve exact sampling for 8 and y and to improve the sampler efficiency [33]]. Third, we apply
random scan Gibbs to increase the efficiency of the sampler [47].

At the first step of the Gibbs sampler, the Bis and the PARAFAC margins are drawn from their full
conditional distributions. The back-fitting sampling strategy allows sampling from tractable distributions, i.e.
conditionally normal distributions, and for splitting the parameter vector into blocks.

Atevery iteration of the sampling algorithm, we randomly select a subset of component indices {d|, . .. ,dp-}
of fixed size D* from the set {1,2, ..., D}, where D* < D and a subset of mode indices {m;, ..., my-} of fixed
size M*, where M* < M from the set {1,2,...,M}. Fork € {1,...,K}and € € {1,..., N}, all the elements of
By and the PARAFAC margins ygdr)n ik Are sampled from their full conditional distributions:

1. Draw ﬁi’ﬁ,jm,k from f(ﬂ([fl;’jmﬂy, X, teje, Bejn o O'%,k,‘l'g,k, {éff,w(fr)n’jm’k,/(im!k) for d € {dy,...,dp-} and

m € {my, ..., my-} which is a multivariate normal distribution, where the {d|, ... ,dp-} and {m,, ..., my-}
have been randomly selected according to Algorithm

d d d d L. . .
2. Draw 7((,;1.,j,,,,k from f(yé’;’jm’klﬁf&m,‘rg,k,g’;’k) ’W([,r)n,jm,k’Kim,k)’ which is a univariate normal distribution.

Let us denote the Inverse Gamma and the Generalized Inverse Gaussian distributions with IG and GIG,
respectively. The Gibbs updates for the remaining parameters and hyper-parameters are:

3. Draw 4’2‘2 . from the GIG distribution f(gﬁ,‘fj, i E,dlz, y;dz , K% o wiqd,z).

4. Draw 7,y from the GIG distribution f(7,x|Bek, ¥ ks K?’k, Lok Wek)-

d d d d S e
5. Draw /l(e,r)n,k from f (/l;’;, ’kb/;’r)n,k, Teks {;k) ) which is a Gamma distribution.
6



(d) Sotribut (d) (d) (d) (d)
6. Draw w, . ., from the GIG distribution f(wy . 21V, i 1o Ap o Teks Sgg0)-

7. Draw K?’m,k from the GIG distribution f (Kg,m’k Beami> ¥ tanior Tesor $e.)-
8. Draw of’k from the IG distribution f (a'g,kly, X, ttesr Bex)-
9. Draw py; from the Gaussian distribution f(us |y, X, Bex, a'? o

10. Draw transition probabilities (p;, . . ., pxx) from the Dirichlet distribution f(pig, ..., Prls)-

Regarding the hidden states, we apply a Forward-Filtering Backward-Sampling (FFBS) strategy.

11. Compute iteratively the vector of smoothed probabilities &7 = p(s:|6,y, X) by using the Hamilton filter
recursions, and draw the state vector s, from the multinomial distribution M(1, &7).

The derivation of the full conditional distributions for the parameters and the FFBS recursions can be found in
Appendix [B]

The current implementation is a variation of the usual Gibbs with a random scan. More concretely, consider
that of interest is the posterior distribution () where 6§ € R”", but at each iteration, only a random subset of
fixed size, say n* < n, of the parameter vector, is updated. Moreover, every index set of size n* has an equal
chance of being selected. We describe in Algorithm|[I]the steps of the sampler, which we call a Random Partial
Scan Gibbs (RPSG).

Algorithm 1 The steps in a Random Partial Scan Gibbs

S1: Draw uniformly J C {1, ...,n} a random set of distinct indices of size n* < n so that each subset has an
equal chance of being selected.

S2: If J = (j1,..., jur), update 8; = (6;,,6),,...,0;.) using a random scan and leave the other components
of 6 unchanged.

The transition kernel of the RPSG satisfies the detailed balance condition, hence:

Remark 1. The chain generated by the RPSG sampler described in Algorithm [1]is an ergodic Markov chain
with stationary distribution 7.

To illustrate the performance of our proposed algorithm for tensor regression, we carried out an extensive
simulation study for both simple and Markov Switching tensor regression for different specifications of the
number of regimes and of the PARAFAC rank (see Appendix |C|in the Supplementary for further details). We
study the proposed MCMC algorithm’s efficiency by examining the MCMC chain empirical autocorrelation
function (ACF) and the mean square error (MSE) of the true and sampled coefficient values. The regression
model and the MCMC algorithm provide reasonably accurate coefficient estimates (posterior mean), and the
regimes are successfully recovered by the maximum a posteriori estimates in different experimental settings.

The inferential performances are similar when D € {3,5,7}. Additional simulations are carried out as
robustness checks in two directions. First, the true coefficients are contaminated with white noise in such a
way that the ranks are considered full for all different coefficients. The MCMC procedure can recover the
patterns of the true coefficients reasonably well for all values of D € (3,5,7} (Fig. in Appendix [C).
Second, we evaluate the performances of different models with a different number of regimes, K € {2, 3}, using
Watanabe-Akaike Information Criterion (WAIC). We report the results in Table WAIC also confirms the
simulation results that when K is fixed, varying D doesn’t change the score too much. When D is fixed, a
smaller K does help improve the model performance with a much lower WAIC score.

4. Empirical application

We test the validity of our tensor regression model using two real-world applications. In particular, we show
through the applications that our tensor regression model: i) outperforms the competing estimation methods
(ordinary least squares and linear LASSO) in terms of both in-sample and out-of-sample fitting; ii) captures the
structural / regime changes in the data by taking advantage of the latent Markov-switching process.



4.1. Volatility index of the US market

In the first application, we study the relationship between the daily volatility index of the US market, also
known as VIX and the crude oil ETF volatility index (OVX) with several other financial indicators. This is
motivated by the fact that VIX has been recognized as the key benchmark index for measuring the market’s
expectations and sentiments, and predicting VIX is a crucial step for traders and investors when developing
their trading strategies. In this regard, [[16] studied the long-range dependence in the VIX data by including a
vector of the average of the logarithm of VIX for the last & € {1,5, 10,22, 66} days (to mirror daily, weekly,
bi-weekly, monthly and quarterly component) in a family of heterogeneous autoregressive (HAR) processes.

We follow similar strategy as [[16]] in forecasting VIX, but adapt it into a multiple-equation tensor regression
framework, where we regress VIX on OVX (TI) and vice versa (I2) together with other covariates: the &
day log-return for S&P 500, exchange rate (proxy by US dollar index), spot price of WTI crude oil for & €
{1,...,44}. To take advantage of the tensor structure, we construct the covariates for each response variable as
a 4x44 matrix, which implies that the coefficient to be estimated is also a 4x44 matrix. The model specification
for the two variables y;, = VIX, and y,, = OVX, is:

SP_y ... SP_, ... SP._y
vix = s (B Gt TGt T G e aD
OVX.i ... OVX,y ... OVX_ s
SP_; ... SP_, ... SPiu
OVX, = yz(st)+<Bz(st), g}.ﬁ: N ](E)li{ljj o gli{ﬁ:ﬁ >+0'2(s,)82,. (12)
VIX,i ... VIX, ... VIXi_y

To guide the selection of the model with the best in-sample fitting and out-of-sample forecasting among
all realistic combinations of the number of regimes and the number of PARAFAC components, we compute
the Watanabe-Akaike Information Criterion (WAIC, [39). WAIC is more appealing than AIC and DIC since it
accounts for model prediction performances and is well suited for a Bayesian setup as it can be easily computed
using the MCMC samples from the posterior [[18]. The WAIC is defined as WAIC = —2(Ippd — pwaic) where
Ippd denotes the logarithm of the pointwise predictive density and pwaic is the correction term for the effective
number of parameters which adjusts for model complexity.

In Table|l} we report the WAIC for models with different values of K and D together with the Mean Square
Error (MSE) and Mean Absolute Error (MAE) for the in- and out-of-sample prediction and different hori-
zons of 1 and 5 days. Furthermore, we report the 95% credible intervals for the regime-specific intercept tig x,
¢ €{1,2} and k € {1,2,3}. In the estimation the constraint tp; < tp» < --- < tp x has been assumed in order
to achieve identification. The main findings can be summarized as follows. Tensor models (MSTR(K, D) and
TR(D)=MSTR(l, D) in Table[I)) consistently outperform the Least Squares (LS) and linear LASSO across al-
most all measures. Markov-switching Tensor Regressions MSTR(K, D) outperform simple Tensor Regressions
TR(D). We show the in-sample fitting results of an MSTR model (MSTR(2,2)) against LS and LASSO in
Fig. 3] See also the comparison of in-sample fitting of models MSTR(3, 2) and MSTR(3, 3) in the supplement.
The in-sample fitting of the LS and Linear LASSO regressions fails to capture the structural changes in the
series of VIX and OVX. However, these structural changes are successfully captured by an MSTR, for which
we assumed two possible regimes represent high and low volatility levels. Furthermore, the three-regime and
three-component model MSTR(3, 3) has the best in-sample performance. In contrast, the two-regime model
MSTR(2, 3) outperforms the best out-of-sample at the two horizons considered.

In addition, the regime separation is better supported by models with two regimes, MSTR(2,2) and
MSTR(2, 3), than in the three-regime models, MSTR(3,2) and MSTR(3,3). Note that the posterior credi-
ble intervals of the second equation intercept do not overlap across the two regimes (boldfaced intervals in
Table [T). Between the two-regime models, we chose MSTR(2, 2) for the data analysis because it is preferred
by the WAIC criterion over MSTR(2, 3). Fig. E] shows that the MSTR(2, 2) identified two regimes with dis-
tinctive regime-specific intercepts. Regime 2, representing a high level of Oil volatility, has a higher intercept
value than Regime 1, which represents a low level of Oil volatility. The regime separation can be further de-
scribed by inspecting the estimated effects of 4-day log-return of oil prices and S&P 500 on VIX (blue dots)
and OVX (red dots), respectively, in Fig. @ The dots in the plots correspond to the values of parameters in the
low-volatility (s, = 1) and in the high-volatility (s; = 2) regimes. The 90% HPD regions (grey ellipses) provide
evidence of coefficient heterogeneity across regimes (asymmetric effects), equations (market asymmetry) and
lags (long-term effects).

Regarding the asymmetric effects, we found evidence of the limited impact of the #-day oil and S&P 500
log-returns on both VIX and OVX in the low-volatility regime.

The values of coefficients are mostly centred around zero in this regime. As for the market asymmetry, the
returns on oil have a stronger effect on OVX than on VIX in the high-volatility regime.
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Table 1: Model Comparison for Financial Application. The table compares WAIC, MSE, MAE and credible intervals of the intercepts
between models and regression methods with a different number of hidden regimes (K) and a different number of components (D). For
MSE and MAE, we report the results for both in-sample and out-of-sample fitting in panel (a) (with forecasting horizons 7 = 1 and
h =5 days ahead). For the equation- and regime-specific intercepts ¢, we report their median i and their 2.5% and 97.5% quantiles
[lifk’ ficx] in panel (b). Note: MSTR(K, D) denotes the Markov-Switching Tensor Regression, TR(D) = MS TR(1, D) the Tensor Regression,

LS and LASSO the Least Squares and LASSO, respectively.

(a) Predictive ability

In-sample Out-of-sample

Models WAIC h=1 h=5
MSE MAE

MSE MAE MSE MAE

TR(2) 3231.06 0.3097 0.4324 0.2540 0.4232 0.3581 0.5182
MSTR(2, 2) 1907.28 0.0892 0.2376 0.1409 0.3342 0.1379 0.3063
MSTR(@3,2) 911.11 0.0339 0.1447 0.3199 0.4024 0.1976 0.3388
TR(3) 3282.48 0.3445 0.4534 0.2172 0.4155 0.2905 0.4751
MSTR(2, 3) 2347.39 0.1019 0.2505 0.0939 0.2641 0.0659 0.2132
MSTR(@3, 3) 518.13 0.0272 0.1221 0.9328 0.9398 0.3471 0.5236
LS - 0.3049 0.4266 0.1945 0.3474 0.3668 0.5211

LASSO - 0.4207 0.5259 0.5199 0.6363 0.6940 0.7589

(b) Intercept estimates and credible intervals

(P15 f12.1) (112, 22) (fi13, f12.3)
Models (g, Bl A2 D (g o2l [, ) fo2]) (TR :TEVN /7Y 25 )
— —05
TRQ) (0.0016, 4.4 x 1079) B )
([-0.0452,0.0478], [-0.0295, 0.0308])
MSTR(, 2) (~0.3100,0.0086) (0.4157,0.3938) )
([-0.3304, —0.2900], [-0.0438, 0.0595])  ([0.2660, 0.5520], [0.2855, 0.5268])
MSTR(.2) (=0.3550,-0.0225) (~0.1373,0.0026) (0.0988,0.0268)
’ ([-0.3945,0.2138], [-0.0635,0.0145])  ([-0.3744,0.2609], [-0.0267,0.0327]) ([-0.3633,0.3168], [-0.0056,0.0797])
TRG) (0.0003, —0.0006) B )
([-0.0532, 0.0506], [-0.0292,0.0307])
MSTR(2, 3) (-0.2285,0.0050) (—0.0952, 0.4036) B
([-0.2545, -0.2029], [-0.0227, 0.0330])  ([-0.2331,0.0261],[0.1849 0.5653])
MSTR(@, 3) (=0.0125,-0.0132) (~0.0258,0.0024) (~0.0478,0.0185)

([-0.1344,0.0920], [-0.1179, -0.0655])  ([-0.2565,0.0504],[-0.0216, 0.0262]) ([-0.2560, 0.0552], [-0.0050, 0.0642])

There is also strong evidence of non-negligible long-term effects of oil prices (dark red points) on oil
volatility, which is aligned with previous findings [3} [15]. The returns on the S&P 500 have a very limited
effect on VIX in the low-volatility regime. In contrast, the effects of returns at all lags are more substantial
during high-volatility periods. The impact of S&P 500 on OVX follows a similar pattern; the coefficients with
medium lags tend to have a larger effect than lower and higher lags. From the shape of the ellipses, we can tell
that the coefficients are mostly uncorrelated across regimes, with fewer coefficients showing small positive or
negative correlations. The coefficient posterior variance in the low-volatility regime is generally larger than in
the high-volatility.

4.2. Oil prices on stock returns

For the second application, we extend our matrix-variate tensor regression model to a 3-mode tensor re-
gression model by constructing the covariates X; as a three-dimensional array for each observation. Therefore,
the coefficients B, also form a three-dimensional array with the same size as the covariates. In this application,
we contribute to the debate on the interdependence between financial and oil markets [see, e.g., 40, 41] and
examine the impact of oil price volatility on the stock market returns (S&P 500) at an aggregate level and on
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Fig. 3: Left: In-sample fitting for Least Squares (orange dashed) and LASSO (blue dashed). Right: In-sample fitting of the Markov-
Switching Tensor Regression model MSTR(2, 2) (orange dashed) and estimated hidden states (red solid). The green solid line represents
the VIX and VOX indexes (top and bottom).
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Fig. 4: Markov-switching Tensor Regression model MSTR(2, 2). Effects of i-day Oil (top) and S&P 500 (bottom) log-returns on VIX
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the financial sector, energy sector and other sectors of S&P 500 at the disaggregate level. In particular, we
classified the oil price volatility into Good Oil Volatility (GV), where the realized volatility is positive, and Bad
Oil Volatility (BV), where the realized volatility is negative.

Our approach is different from the one in [40] in that we consider a Mixed Data Sampling (MIDAS) [34]]
framework by taking advantage of the tensor structure of the covariates. Our tensor regression setting naturally
accommodates the multi-array structure of the covariates when data are sampled at different frequencies with
different lags and reduces the number of parameters to be estimated by shrinking the unimportant parameters
to small values. In particular, the response variable y, is the 4-week log-return of market £ at time ¢, where £ =
1 (S&P 500), 2 (financial sector), 3 (energy sector) and 4 (other S&P 500 sectors). The covariates are sampled
weekly at the 1st week, 2nd week, 3rd week, 4th week before time ¢, indexed by t —1/4,1—2/4,t-3/4,t—4/4.
Together with the GV and BV, the other covariates are the Exchange Rate Volatility (ER), TED Spread Volatility
(IR) and VIX Index Volatility (VI), following a similar specification as in [40]. We arranged the different
regressors along the rows (first mode) of the tensor covariates, weekly data points for four weeks along the
columns (second mode), proceeding from the most to the least recent as usually done in the mixed-frequency
literature. The weekly data points of the past months are stacked along the third axis (third mode). The MSTR
model for this application is

4 4 4 4
Gv® o Gv® . aov? GV
i+l r4)2 Jj3+1 54)4 J3+1 (4)]3
(4) (
4 BV[—%—/']-H BVI—%—j3+1 BVZ—%—j3+1 vi*js
4) 4) (C)) 4)
Yer = pe(sy) + Z <B/,j3(st)» ER,_%_/}H ER,_%_]@H ER,_%_bH ER,?_B > + o (S 13)

=1 RY RY  RY R

t—3—ja+l t=5—j3+l 1—5-j3+l =J3

1(4) VI(4) 1(4) VI(4)

t—4—j3+1 =1 j3+1 =3 j3+1 =j3

where }3 ={(j1,j2, j3)» jn € {1,..., pn},Yh # 3} and B[J-B(st) denotes the jsth slice of tensor coefficients B(s;)
along the third mode. The conditional mean of the model in is given as the sum over slices corresponding
to different temporal lags (third mode).

Fig. [D.4] of the Supplement shows the in-sample fitting of Least Squares and Linear LASSO (left column)
and the in-sample fitting of MSTR (right column). Notably, Least Squares and linear LASSO fail to capture the
volatility changes in the market return. In contrast, the MSTR can identify the most relevant episodes of market
disruptions at both aggregate and disaggregate levels. For the aggregate analysis, when S&P 500 is used as the
dependent variable, MSTR can identify the biggest disruption in the financial market in recent years, the 2008
global financial crisis.

For the disaggregated S&P 500 analysis (bottom plot and Fig. [D.4]of the Supplement), when sector indices
are used as dependent variables, MSTR can identify more episodes of market disruptions, including the 1997
Asia financial crisis, 2001 9/11 terrorist attack and 2002 corporate scandals and dot-com bubble together with
the 2008 global financial crisis. The fact that MSTR can capture more structural changes at a disaggregated
level can be largely attributed to the heterogeneity between different sectors. Thus, MSTR can also be an
effective data integration tool.

Fig. [5] shows the effects of GV and BV on financial and energy sector log-returns (see also Fig. [D.3]of the
Supplement). We use different symbols to represent the weekly data sampled at different weeks for different
lags h = {1,2,3,4}, with &: t — (1 + 4(h — 1))/4, +: t —2(1 + 4(h — 1))/4, & t = 3(1 + 4(h — 1))/4 and
% :t—4(1 +4(h - 1))/4. Lighter (darker) blue represents lower (higher) lag h. Coefficients with 90% HPD
regions (grey ellipses) indicate large asymmetric effects.

For both aggregate and disaggregate analyses, GV and BV show more pronounced effects in the high-
volatility regime (s, = 2) than in the low-volatility regime (s, = 1). This confirms the hypothesis of the
financialization of the oil market [40\ 41]. The HPD regions are more concentrated along the horizontal axis,
most likely due to the smaller number of observations in regime 2 compared to regime 1. Regarding the long-
term effects, GV has a more considerable impact on the markets at lower lags, while BV has a larger effect at
higher lags. Similar asymmetries in the long and short-term impact have been documented within a univariate
quantile regression framework by [41]].

We report the MSE, MAE for the in-sample fitting and the out-of-sample forecasting with prediction hori-
zons of 1-month and 5-month in the lower panel of Table [D.T] of the Supplement. Overall, tensor regression
offers competing performances with LS and LASSO, and MSTR performs strictly better in terms of in-sample
fitting and short-term forecasting.

5. Conclusion

In this paper, we propose a new multiple-equation Markov-Switching Tensor Regression Model (MSTR)
to work with high dimensional data where a common hidden Markov chain process introduces dependencies
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Fig. 5: The scatter plots show the effects of Good Oil Volatility (left) and Bad Oil Volatility (right) on the financial sector (top) and energy
sector (bottom). Different symbols represent different weeks, with : ¢t — (1 +4(h—1))/4, #:t=2(1 +4(h—1))/4, ®: t=3(1 +4(h—-1))/4
and % : 1 —4(1 +4(h —1))/4 for h € {1,2,3,4}. Different blue shades represent lags, from order 1 (lighter) to order 4 (darker).

between equations and allows for latent regime changes and dynamic coefficients. A low-rank representation of
the tensor coefficient is used to achieve dimensionality reduction. A hierarchical prior distribution is imposed
to introduce further shrinkage effects in the regression model with many regressors. Multiple prior stages allow
smoothing of the effects of the low-rank representation (soft PARAFAC decomposition). We developed an
MCMC sampler based on Random Partial Scan Gibbs and a back-fitting strategy. We show that the Markov
chain generated by the proposed sampler is stationary and converges to the target distribution. The validity and
efficiency of the sampler are demonstrated using simulations with different settings. We also tested our MSTR
with two real-world applications, where MSTR outperforms the competing algorithms in both in-sample fitting
and out-of-sample forecasting. Moreover, MSTR provides more insight into the possible structural changes
in the parameters by identifying regimes with regime-specific intercepts and variances, which are prevalent in
time series data. The multiple-equation MSTR can also capture the heterogeneity in the data at aggregate and
disaggregate levels to exploit more information in the data.

The proposed model and inference are ready to be used for tensor regression with covariate tensors of order
2 and 3. It can be considered in many other applications where regression on high-dimensional data is needed,
and overparametrization or overfitting issues must be handled.
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A. Proofs

Before proving the main result in Proposition [T} let us recall some useful properties of conditionally inde-
pendent normal random variables.

Remark A.1. Let X|Z,,R; ~ N(Zi,Ry) and Y|Z,,R, ~ N(Z,,R,) be two conditionally independent normal
random variables given Z;,R;, 1 < i < 2, where Z;|Q; ~ N(0, Q;), i € {1,2} are conditionally independent

random variables given Qi, 0>, and R;, Q;, i, j € {1,2} are positive, possibly dependent, random variables. It
can be shown that:

1. (marginal normal distribution) the marginal distributions are normal, i.e. X|R, Q1 ~ N(0,R; + Q) and
Y|R>, Q2 ~ N(0,R> + O»);

2. (marginal independence) the joint marginal fxyir, r,0,0.(%:VIF1,72,91,92) can  be  writ-
ten in the integral form f f Jxizor Xz, 1) frizer, Olz2.12)  fz10,z1lg1)  f2,10,(221g2)dz1dzo=
[ foz w21, 1) fzio,@ilgndze [ frzer, Oz, 72) f210,(z2lg2)dz,  and  thus  factorises as  follows

SxvR R01.0, (VP 2, q1,92) = fxir.0, (XU, q1)  fyir,.0, V2, g2),  where  fxr, 0, (xI71,91) and
S¥ir,,0,VI72, g2) are the densities of the two normal distributions given in 1.

From the two properties above, it follows that

3. By the law of iterated expectations and conditionally independence assumption E[XY]
= EE[XY|Z\,Z,, R\, R>, Q1, Q21}= E{E[X|Z,, R\ IE[Y|Z,, R, 1}= E{E[Z,| 01 |E[£:| 0]} = O

4. V(XY) = E[X*Y?] - {E[XY1}*= E{E[X*Y?|Z\, Z5, R, R, Q1, Q2 I}=E{E[X*(Zy, Ry, Q1 |E[Y?|Zs, Ry, Q2]}=
E[(Ri + Z)(R, + Z))] = E{E[R + Z}IRi,Qi]E[R: + ZjIR», 0,1} which is equal to
E[V(XIR1, 01)V(YIR,, 02)].

We drop the state subscript index k and the equation subscript index ¢ in the following. Let us define

=W, . 0D P = (w(llj, . ’Wij,)jm’ .. (D) )T and &2 (K%, ..., k2)T. Assume for simplicity
and w.l.o.g. that M = 2. From @]) and @) the (ji,...,J M)th element of B(d) and B(d) are the two conditionally

independent random variables ﬂ(d) YD, 1, L kw ~ N (7(d) TK2§ @Y and E(d) YD, 1, l kw ~ N (y(d) Tkzg“ ),
respectively. From the PARAFAC representation in (3)), the jth element of B(") can be written as the product of
B(ldj and,B(Z‘f])_ with 7 = (j1,..., jm).
Remark A.2. From (3) and @ and the assumption in (7)), the results in Remark are applied with X = ﬁ(d;_,
Y= ﬁ('?, Z =" 2 =y R = TGO, Ry = i3 Q1 = 7w’ and @, = 77D, to obtain
1. ﬁ(ld;_h, L kW ~ N, 7@ (K%+w(d) )) and ,B(d)h' Lok,w ~ N, (d)(K2+W(d)2)) conditionally independent.
2. V(,B(ldz (Zd;lr, INADE V(ﬁ(ld;,lT, 4.k, w)V(B(Zd;IT, Lok,w)as. inT, KW,

Proof of Proposition 1]
We denote with ﬁ(d) the jth element of B,(,,), where j = (ji, ..., ju) is a multiple-index. The variance of the
coefficient entries of the soft PARAFAC can be written as:

v (B;) = E{V (Biir. &k, w)) { [Z [ 1824 2% w]} {di ]M[ V(ﬁ%h, LK, w)}

d=1 m=1 m=1
D M D
=E ‘rg(d) K +w, } = { g(d) } { K,i +w?, }
_ T(a. +M) oD+ (a, 202
= T(ab¥ o[] atr (b_k - @ -2 A-D

of ,B(d across d and m from 1) in Remark It follows that TT¥_, ﬁ(d) d € {1,...,D} are conditionally

mdependent across d and that the condmona variance of their sum is the sum of their conditional variances.
Furthermore, from 2) in Remark | the variance of the product of ﬁ( is equal to the product of their variances

From the first line to the second line of (A e used null mean and the conditional independence properties

13



since they are conditionally independent and have a null mean. For the variance of the coefficient entries of
hard PARAFAC, « = 0, thus

M-1 2 M
Vhard(Bj>: F((JT+M)D]—[ G’/D+r( 2[7/1 ] . (AZ)

Llaby | 0 a+r \(aa—1)a-2)

It is not hard to notice that a,/b, is the quantity that drives the additional variability of the soft PARAFAC
by comparing (A7) and (A-2). The goal is to set V(B;) = V* and AV = AV*. By exploiting V(B;)/V""(B;) =
(1 —AV*)~! we have

o 20 2
V(B;) _ ( (@1-1)(a- 22)) [aK (ar - l)(;u -2) ) — (1 AV
hard ( B;) 2w b, 2 b
((04*1)(@*2) )
Solving the above equation for a,/b, and given a,/b, is positive we get
ac/be = (1= AVY2 = 1) 263 /(a1 — D)(az - 2). (A3)
By setting V(B;) = V* we have,
2b3/((a, — D(aq = 2)) = br/a; \/aTV*/((aT + DCy) — ax /by (A4)
Combing (A3) and (A.4) we obtain a,/b, = be/ar \Ja-V*[((ar + DCp) (1 - VT = AV7). 0

Proof of Proposition 2]
From the ¢th equation of the system (1)) and the linearity property of the scalar product for tensors, see [21]],
it follows that

D
(Be(s), X,) = <Z BY)(s) 0+ 0 B (5), Xf>

(s)0---0 BY (s) o Xi)+ > (B (s 0+ 0 By (s, X,)
d'#d

= (B (1), B\ (s;) 0 -+ 0 B _ (5) 0 B

{,m+1

Pm
= D (B (B oo B (50 Bl (s 00 By (s) 0 X,). )+ RO(s)
Jm=1
= B (s0TveeBy\(s) 0 -+ 0 BY) (s) 0 B (s) 0 -+~ 0 B (s0) 0 X5, + R, . (s0) + R (1)

Om, £, ot
d d d
=B ()T () + RO (s + R (so),

where

RO(s) = > (B (s) 00 Bily(s), X,),

d'#d

RD  (5) = Z <B(€‘,’;)n’ﬂn(s,) (B )(s)o -0 B (s)o B (s)0-- 0B (s) OX’)},;>

[m] g
Jm#Ejm
= > (B0 00 BEs), 0 ) = (B0 o0 B 50)_, (X0,
Juin "
W00 = vee (BE}(s) 0 -0 B (s0) 0 B (s 00 B (s 0 X,). 0
Proof of Remark [1]

To simplify notation, we prove the result for |/|=3, but the result holds in general. Let J = {1, ...,n} be the
set of parameter indices, suppose 3 distinct components with indices ji, j», j3 € J are randomly selected to be
updated, and denote with j = {j;, j», j3} the updated components and with —j = J — {1, j2, j3} the components
that are not updated. Furthermore, we assume the order in which the three components are updated is also
random.
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Given that the components in the complement of the set j remain unchanged, we have the transition function
I (0010 =1 (6016, 67, 607) 7 (61, 67, 60) (651650, 0%, )

+ §27T (9(1+1)|6(1) 0(1) 0(1) ) P 0(l+1)|0(1+1) 0(1) 9(1) ) P (0(l+l)|9(l+1) 6(1+l) 0(1))

+ 5371' (9(1+1)|9(1) 0(’) 9(1))7'( 0(”1)|6(1+1) 0(1) 0(1))”

( 0(l+1)|0(l+1) Q(HI) 0(1)
(9(l+1)|9(1+|) e(l) 9(1) )

T 0(l+])|9(l+1) 6(1+l) 0(1

+ ‘f47r (9(1+1)|9(l) 0(1) 9(1))71'
+ ér 71.(9(’+1)|0(l) 9(1) 9(1))7'(
i)

+é; 71.(9(14'1)'9(1) 9(1) 9(1) bs 9(l+1)|9(1+1) 9(1) 9(1)) 9(l+])|9(l+1) 9(1+l) 9(1))

i)
i) i)
9(l+1)|6(l+1) g(l) 9(')) )

G
G
ﬂ(0(1+1)|9(1+1) 0(l+1) g(l)
G

where &, i € {1,...,6} are the probabilities of all possible orders in which d; could be updated, and 3% , & = 1.
To save space, we ignore 9(_3 from the equations for the rest of the proof. For the detailed balance condition,

we must show K (0(i+1)|9(i)) n (H(i)) =K (9<f>|9<i+1>) n (0(”')). The left side term can be expanded into:
% (64 V169) 7 (67) = {er (67167, 67) m (616D, 60) (610416l 66°1)
+( 27((0(4i+1)|¢9('i) 0@) (0(t+1)|9(z+1) 0(1)>+£ 71_(0(1+1)|0(1) 9(1)) (9(_1'+1)|6(i+1) H(i)))ﬂ,(g(iﬂ)lg(iﬂ) 6(i+1))
E J1 2’7 Ji 3 ) 2 o)
+( 471.(9(‘7"*'1)'9(_1') 0(1)) (9(1+1)|9(l+1) 0(1)>+§ 71.(9(1‘*'1)'9(1) 0(1)) (9(1"'1)'0(1‘*'1) 0(1)))ﬂ(e(l+1)|9(;+1) 0(}"*‘”)
J2 N J2 J3 70 Ji 2 )3

+é&m (9;i+1>|9§i)’ 95?3)) P (9;+1)|9312+1)’ 95;3)) x (G%Jrl)'@;l,ﬂ)’ 9;2+1))}n (9(:’)) ’

@) — (@ o o) (i+1) _ [(pli+]) pli+]) AGi+1) .
where 6 —(9j|,9j2,0j3>and9 —(Hjl ,sz ,Hh ) Equivalently

o 4 £ n(a(."“),e(?),e@ (AN AN
7((9(1+1)|9(t)) (9(1)) — 7.1.(9(1+1) 951;1)’ 9;?1)) {ﬂ-(e(iﬂ)l 9(i+1)) 7:1(0@ ;2@)]2) (;1(6(?“?2 0@)]%) (A.5)
Ji ) 273 Ji 7
6 n(0,"6.6)m 600" s x(E6"60)x(6,.6,.65)
(@0 0) (L) R (Ee) R (@) w6 e)) A (676)
L &m0 ) (@606 e n(6).6,.67) (6. 6,.6.")
(@) m@he) (@) w0 x (@) () 952”) )
§ (9(1) 9(1) 9(l+1)) (9(1) 9(1‘*‘1)’9('14'1)) .
* T (9(&1)6 9(}41)) 7.: 1(9(_;2 9(};3) J‘(g(éz 9(z+1;3) }ﬂ (9(1)) :
2 )3 7177 R J

The expression in (A.3)) is symmetric in 8” and 67D when & = & = & = & = & = &. This proof can be
easily generalized to an arbitrary randomly selected number of components as long as j C {1,...,n}. (I
B. Full conditional derivations

B.1. Full conditional distribution of the hidden state variables

A multi-move sampling is applied to sample from the joint posterior distribution of the hidden state vari-
ables. We apply forward filtering and backward sampling [17]. Let us introduce the set of allocation variables
& = (&g, -5 Eky), with &, = I(s; = k). Using dynamic factorization, the full conditional distribution of the
hidden state is

pisis-...s7ly. X B, 07, . p) o ﬂp(ydxt,B(st) o (s;))]_] pf“f“ g (B.1)
k=1 I=1

B.2. Full conditional distribution of the transition probability

T K K
P((Pl,i, . 7PK,i)|s) oc 1_[ l_lpfnfu 1 l—lp[ l_[p21 1§115u 1+vi— , (B2)

=1 I=1 I=1 =1
which is proportional to Dirichlet distribution Dir(vy, ..., vg), where v; = v; + Z,T:1 it
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B.3. Full conditional distribution of the state-specific parameters

Given the conditional independence assumption, we drop the state subscript index k and equation subscript
index ¢ for simplicity in the following. From the prior for B\, we have ,Bii)] ~ Ny, (y(d) g k291, ). The
posterior of the unknowns of the model is given by

d d d
pBL A P D 2D |y, X). (B3)

We adopt an MCMC procedure based on Gibbs sampling to generate the unknowns from 3 blocks.

Block 1: Sampling {9 and T from p({P, 7 | B,y,k, W)
We first sample { from the joint posterior by integrating out T

PEIBy. kW) () p(By | kw,(P) =7r(§)f+p(ﬂ |7, 6,7) p(y | w,T) a(v)d7

D D M P
=[]0 @2 _T (gD _ D @, @ @
16 [T Co™ {50 -t () -0
= I m=1 ju=
' R
@, @ )2 L Vg, ol bt
(TZ Win ,m) exp —T§< d>Wf,‘f)] T e dr
D a_ D ,,,_lmn(qmﬂ) 1
B0~ d 1 b
[ 1o [ ([Tl ™5 el g kel e
d=1 d=1
2 .
where we defined C,; = Z,A,;’:I il ( Iﬁ,(,(,l), ,(5), 117 /K2 + y(d) /w (d) ) and || - || denotes the Euclidean
norm. Let [y = Z,’Z’:] Pm(gm+1)=M Hm:l Pm + Zm:l Pm then
D a_ly DI ZD C
(=21 a2 o Zug=1Cd
p(élﬁ,y,K,W)OCHi ff 2 exp{ b.t 5@ }d‘r

By definition, 37, @ = 1 which yields 37, (b:7¢D) = bt 1, {9 = b,t, moreover, by letting a, =
we obtain

D D
@5 31| @=Ly 1 Ca @
p(é‘ |B7 7’ K, W) o .[1;+ (g é/ ]T CXP{ 2 dzz;( é«(d) + ZbTTg )} (B4)

We recognize from (B.4) that the kernel of ¥ = 7/ is a Generalized Inverse Gaussian distribution ¢ ~
GiG (a/D - Iy/2,2b.,C,). We then obtain £ by normalizing ¢'® as follows: (@ = ¢@/ 30 4@ [see, e.g.,
8.

The full conditional of 7 can be derived as follows

p@|B.y.L kW) < p(Bly, 7.4k w) p (17, £V, w) p(r)

D M (d) (d) 2 d 2

-1 - - qm ”ﬂm,jm - ym Jm ‘Ln” d —% 1 ym,jm
=7'le brrl—“_l 1_[ Tg(d) eXpy~ 277 D2 (an)/ ) CXP\ T2 @
d=1 m=1j LK W Pw,,

d d
bt £ & |ﬂf")J B 5")J q"‘llz a —%—1 1 = Cd
SR I EE =D =7 e | g 2

d=1 T[ m=1 j,=1 Té’

Therefore, the full conditional of 7 is also a Generalized Inverse Gaussian distribution
D
p(@|B.y.4 W) x GiG| ar — DIy/2,2b,, ) @/5“”) :
d=1

Block 2: Sampling /lfn) andw from p(/l(d), @ Iy(d) 1, D)

Wi Y jin

Notice that by the constructlon of the prior distributions, 7/ mj follows a double exponential distribution
given A9, 7, @ that is yf:)jm ~ DE (O, N4 (d)//l,(,‘f)). The full conditional of 2 can be written as

Pm (d)
d d d d d d d d d ai+pm—1 Jm=1 m]m d
P 19, 0) A, 10,7 (10

m \/7[7
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which is the kernel of the gamma distribution Ga(a, + p, Zf”‘zl |y(d) |/ V7@ + b)). The full conditional of

m, jm
WD s proportional to

M, Jm
| o
@ |y 2D 7 g @ @ 4D 1 AD @D ) oo @D 1 @2, @ 7
P (W 1Yoty 0 0 e (%, ) p (10, 1A 720 w0 ) e il exp - 2| W @D
m 2 Jm

which is the kernel of the GIG distribution GiG(1/2, 44", 7% * /r¢@®),

. d d d d
Block 3: Sampling ﬂfn,)jm’ 7;(11,),',,,’:“’ a2, 2, from p (B,(n)j ,7( ) K,%q,,u, oy, X)
We derive the full conditional of ,B( )< in a way such that it only depends on observed data by integrating
out 7;1 The total number of ,B( ) we need to sample is D Zm | Pm and their full conditional distribution

m, jm

p (ﬁgj)jm | y5 X» l’l’ﬁ_.jm’ 0— » T g(d)’ (d) ) 1S proportlonal to
2 d d 2 d d d d d
Pl xnpe)[ p(ﬁ;f,,,,l 0, €)1, 7.6 0, ),

1(y — (B, X))’ d d d d d
o [Tewo{ -5 SBR[ (0, 1540, . 2) (e, 156080, )l

o2

where 7 C {1,..., T} contains all the indexes of the observations such that s; = k, k € {1, ,K }. Thanks to the
resultin Proposition and defining R( ) = = Dzd <B( Vo.iio B%),X,> Rﬁf’z” 4 <(B(d) -0 Bg\j))—jm’ (Xt)_jm>,
‘I’L‘f)j 4 = vec ((B(ld) 0---0 ij) Bﬁf}rl o B;‘? o Xt)}m) and y; = y; — Rfj)] B Rﬁd), the terms at the ex-

ponent in the likelihood become:

2
d) T\yd d d ~2 d d 2 d) T\gd ~
(v B, T R RO =5 P 0, T s

M, jmst m, jmst M, fim st m, j 171

and the likelihood can be written as
1 U T -
P(y1Xopup.0%) o exp {E O (s B0 7 =2, T, ty’)}

For the integration part, given p(B,(j)J | y(d) 7,{D k2 and p( @ T, 79D, mj ) are normal then from

m Jm
Remark the marginal distribution is normal with mean E [Bﬁ:)jm] = { [,ij)jm y}(ff)]]} = 0, and variance

(d) \ _ (d) (d) (d) (d) _ dy, () d), 2 _ d (d) 2
VB,;,) = ( ['Bm jn | Y ]) [V (ﬂm,jm |7m,jm)] = @ Ow,), + 7, Let§ = 7! )(Wm,jm + "m)’
then the full conditional of ,Bm)j can be written as follows

@ g 5

(@ 2 2 AD D L PO S et Ly g0 g T e '

P(By, 1Y Xt 0150, LD WD ) o exp ) [ﬂm,jm 2 §14m By = 2Bnj, 2
teT” teT”
(d) -1 @ ) -1
Tm,jm,t 1 \Pm Jm ty’ Tm,j,,,,t 1
SN R I a|
o f m o2 o2 g
teT” teT” teT” -

where we defined T(d) = ‘I’,(ff)J . ® ‘}’,(g)] . The full conditional of y(d) given B(d) can be written as

@ (d) @ 2 (@ |, @ 2 @ @ @
p( m]m Bm JJm’ e é/ jm’Km) Ocp(ﬁm,jm|ym,jm’T’§ ’Km)p(ym,jm |T’§ ’Wm»jm)

€) 2 @ 2 (@ @, & 2

o exp d— U DY, YKl @y Wi £ T, o« N Win,j, £ T, T W Ko

p 2@ | T @ 2 Yo jm D 2 Dmin L @ 42 min fae T o |

Majm M ImWj, . Wi, j, m ImWj, m

The full conditional of k2, can be written as

D pm

p(R21BL, ¥D.1L ]_[ [ 1P 17 7l x2) p(x2)

=1 jm=1

D m d) d
— 2 aK—me%_l 1 Zd:l Zf =1 ”ﬂ’(njm - 5’1)} l]m”2 zb 2
= (Km) exp —z T{W)K,zn + 2byk;,
D pm
< GigG (ax Dpugn/2,2be > > IBY, =7 g, /TM]
d=1 j,=1
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The full conditional of o2 can be written as:

.~ T
p(02|y,X,/z,,B)°<p(yIX,u,l?,az)p(az)oc((rz)f(“m) Lexp —L[lZ(yz—<B,Xf>—u)2+bg) :
=1

o2\2

which is the kernel of the IG distribution 7G (a;., b}.), where a}, = a, + L and b}, = 1 321, (v, — (B, X;) — p)* +

b,. Finally, let u* = ¥, (v, — (B, X,)) 0';2 and (TZZ = (T/a-2 + 1/0-2) l, the full conditional of y is:
T
2 2 1 2 1 p
Pl Y. X.B.0%) o p(y | X.uBo?)m () e exp i = | T = 2u ) (= (B.X)) | = 5
200 P 20y
T (y,—(B,X
= exp {_% [(% + %)ﬂz — 2#W]} oc N(,U*, 0—;2) X
u
References
[1] K. M. Agudze, M. Billio, R. Casarin, F. Ravazzolo, Markov switching panel with endogenous synchronization effects, Journal of
Econometrics 230 (2022) 281-298.
[2] A. Armagan, D. B. Dunson, J. Lee, Generalized double Pareto shrinkage, Statistica Sinica 23 (2013) 119-143.
[3] F. M. Bandi, B. Perron, Long memory and the relation between implied and realized volatility, Journal of Financial Econometrics 4
(2006) 636-670.
[4] L. Bauwens, J.-F. Carpantier, A. Dufays, Autoregressive moving average infinite hidden Markov-switching models, Journal of Busi-
ness & Economic Statistics 35 (2017) 162-182.
[5] D. Bianchi, M. Billio, R. Casarin, M. Guidolin, Modeling systemic risk with Markov switching graphical SUR models, Journal of
Econometrics 210 (2019) 58 — 74.
[6] M. Billio, R. Casarin, Beta autoregressive transition Markov-switching models for business cycle analysis, Studies in Nonlinear
Dynamics & Econometrics 15 (2011).
[71 M. Billio, R. Casarin, M. Iacopini, Bayesian Markov-switching tensor regression for time-varying networks, Journal of the American
Statistical Association 119 (2024) 109-121.
[8] M. Billio, R. Casarin, M. Iacopini, S. Kaufmann, Bayesian dynamic tensor regression, Journal of Business & Economic Statistics 41
(2023) 429-439.
[9] M. Billio, R. Casarin, F. Ravazzolo, H. Van Dijk, Interactions between Eurozone and US Booms and Busts: A Bayesian Panel
Markov-switching VAR model, Journal of Applied Econometrics 31 (2016) 1352-1370.
[10] M. Billio, A. Monfort, C. P. Robert, Bayesian estimation of switching ARMA models, Journal of Econometrics 93 (1999) 229-255.
[11] B.S. Caffo, C. M. Crainiceanu, G. Verduzco, S. Joel, S. H. Mostofsky, S. S. Bassett, J. J. Pekar, Two-stage decompositions for the
analysis of functional connectivity for fMRI with application to Alzheimer’s disease risk, Neurolmage 51 (2010) 1140-1149.
[12] R. Casarin, C. Foroni, M. Marcellino, F. Ravazzolo, Economic uncertainty through the lenses of a mixed-frequency Bayesian panel
Markov switching model, Annals of Applied Statistics 12 (2018) 2559 — 2568.
[13] R. Casarin, D. Sartore, M. Tronzano, A Bayesian Markov-switching correlation model for contagion analysis on exchange rate
markets, Journal of Business & Economic Statistics 36 (2018) 101-114.
[14] S. Chib, Calculating posterior distributions and modal estimates in Markov mixture models, Journal of Econometrics 75 (1996)
79-97.
[15] F. Corsi, A simple approximate long-memory model of realized volatility, Journal of Financial Econometrics 7 (2009) 174-196.
[16] M. Fernandes, M. C. Medeiros, M. Scharth, Modeling and predicting the cboe market volatility index, Journal of Banking & Finance
40 (2014) 1-10.
[17] S. Friihwirth-Schnatter, Finite Mixture and Markov Switching Models, Springer, New York, 2006.
[18] A. Gelman, J. Hwang, A. Vehtari, Understanding predictive information criteria for Bayesian models, Statistics and Computing 24
(2014) 997-1016.
[19] S. Guha, A. Rodriguez, Bayesian regression with undirected network predictors with an application to brain connectome data, Journal
of the American Statistical Association 116 (2021) 581-593.
[20] R. Guhaniyogi, S. Qamar, D. B. Dunson, Bayesian tensor regression, Journal of Machine Learning Research 18 (2017) 2733-2763.
[21] W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series in Computational Mathematics, Springer International
Publishing, 2019.
[22] J. D. Hamilton, A new approach to the economic analysis of nonstationary time series and the business cycle, Econometrica (1989)
357-384.
[23] T. Hastie, R. Tibshirani, Bayesian backfitting, Statistical Science 15 (2000) 196-213.
[24] N. Hauzenberger, Flexible mixture priors for large time-varying parameter models, Econometrics and Statistics 20 (2021) 87-108.
[25] S. Kaufmann, K-state Switching models with time-varying transition distributions: Does loan growth signal stronger effects of
variables on inflation?, Journal of Econometrics 187 (2015) 82-94.
[26] T. G. Kolda, B. W. Bader, Tensor decompositions and applications, SIAM Review 51 (2009) 455-500.
[27] J. Kossaifi, Z. C. Lipton, A. Kolbeinsson, A. Khanna, T. Furlanello, A. Anandkumar, Tensor regression networks, The Journal of
Machine Learning Research 21 (2020) 4862-4882.
[28] D.R. Kowal, D. S. Matteson, D. Ruppert, Dynamic shrinkage processes, Journal of the Royal Statistical Society Series B 81 (2019)
781-804.
[29] R. A. Levine, G. Casella, Optimizing random scan Gibbs samplers, Journal of Multivariate Analysis 97 (2006) 2071-2100.
[30] K. Mardia, J. Kent, J. Bibby, Multivariate Analysis, AcademicPress, New York (1979).
[31] M. Ohlson, M. R. Ahmad, D. Von Rosen, The multilinear normal distribution: Introduction and some basic properties, Journal of
Multivariate Analysis 113 (2013) 37-47.
[32] G. Papadogeorgou, Z. Zhang, D. B. Dunson, Soft tensor regression., Journal of Machine Learning Research 22 (2021) 219-1.
[33] C. Robert, The Bayesian Choice: From Decision-Theoretic Foundations to Computational Implementation, volume 2 of

Springer Texts in Statistics, Springer New York, 2007.

18



[34]
[35]
[36]
[37]

[38]
[39]

[40]
[41]
[42]

[43]

[44]
[45]
[46]

[47]

A. Rodriguez, G. Puggioni, Mixed frequency models: Bayesian approaches to estimation and prediction, International Journal of
Forecasting 26 (2010) 293-311.

C. A. Sims, D. F. Waggoner, T. Zha, Methods for inference in large multiple-equation Markov-switching models, Journal of Econo-
metrics 146 (2008) 255-274.

M. E. P. So, K. Lam, W. K. Li, A stochastic volatility model with Markov switching, Journal of Business & Economic Statistics 16
(1998) 244-253.

D. Spencer, R. Guhaniyogi, R. Shinohara, R. Prado, Bayesian tensor regression using the Tucker decomposition for sparse spatial
modeling, arXiv preprint arXiv:2203.04733 (2022).

K. Wang, Y. Xu, Bayesian tensor-on-tensor regression with efficient computation, Statistics and Its Interface 17 (2024) 199.

S. Watanabe, Asymptotic equivalence of Bayes cross validation and widely applicable information criterion in singular learning
theory, The Journal of Machine Learning Research 11 (2010).

J. Xiao, Y. Wang, Good oil volatility, bad oil volatility, and stock return predictability, International Review of Economics & Finance
80 (2022) 953-966.

J. Xiao, Y. Wang, D. Wen, The predictive effect of risk aversion on oil returns under different market conditions, Energy Economics
126 (2023) 106969.

R. Yu, G. Li, Y. Liu, Tensor regression meets Gaussian processes, in: International Conference on Artificial Intelligence and Statistics,
PMLR, pp. 482-490.

R. Yu, Y. Liu, Learning from multiway data: Simple and efficient tensor regression, in: M. F. Balcan, K. Q. Weinberger (Eds.),
Proceedings of The 33rd International Conference on Machine Learning, volume 48 of Proceedings of Machine Learning Research,
PMLR, New York, New York, USA, 2016, pp. 373-381.

Z. Zhang, G. 1. Allen, H. Zhu, D. Dunson, Tensor network factorizations: Relationships between brain structural connectomes and
traits, Neuroimage 197 (2019) 330-343.

Q. Zhao, G. Zhou, L. Zhang, A. Cichocki, Tensor-variate Gaussian processes regression and its application to video surveillance, in:
2014 IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP), IEEE, pp. 1265-1269.

H. Zhou, L. Li, H. Zhu, Tensor regression with applications in neuroimaging data analysis, Journal of the American Statistical
Association 108 (2013) 540-552.

K. Latuszynski, G. O. Roberts, J. S. Rosenthal, Adaptive Gibbs samplers and related MCMC methods, The Annals of Applied
Probability 23 (2013) 66 — 98.

19



	Introduction
	A Markov-switching multiple-equation tensor regression model
	Posterior approximation
	Back-fitting representation
	Sampling method

	Empirical application
	Volatility index of the US market
	Oil prices on stock returns

	Conclusion
	Proofs
	Full conditional derivations
	Full conditional distribution of the hidden state variables
	Full conditional distribution of the transition probability
	Full conditional distribution of the state-specific parameters


